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Abstract 

In this work we consider the mean field traveling salesman problem, where the intercity 
distances are taken to be i.i.d. with some distribution F. This paper focus on the nearest 
neighbor tour which is to move to the nearest non-visited city and we show that under 
some conditions on the total length of the nearest neighbor tour, asymptotically almost 
surely scales as logn. Similar result is known for Euclidean TSP and nearest neighbor tour. 
We further derive the limiting behavior of the total length of the nearest neighbor tour for 
a general distribution function F with certain assumptions and show that its asymptotic 
properties are determined by the scaling properties of the density of at 0. 

1 Introduction 

The traveling salesman problem (TSP) is a very well known combinatorial optimization problem. 
The aim is to find the shortest tour, connecting a number of cities visited by a traveling salesman 
on his sales route, such that he visits each city exactly once and finally returns to the starting 
city. Formally, we are given a set {ci,C2, . . . ,Cn} of cities and for each pair {ci,Cj} of distinct 
cities, a distance d(ci,Cj). The goal is to find a permutation vr of the cities that minimizes the 
quantity 

n 

) (1-1) 

i=l 

where 7r(n-|- 1) = 1. This quantity is called the tour length, since it is the total distance traveled 
by the salesman. We shall concentrate in this chapter on the symmetric TSP, in which the 
distances satisfy 

d{ci,Cj) = d{cj,Ci) for 1 < i,j < n. 

There are several randomized versions of this problem where the distances are taken to be 
random. In particular the one which attracted considerable attention among mathematicians 
and computer scientists is known as the Euclidean TSP, in which the re cities are randomly 
distributed in a d-dimensional hypercube and the distances between cities are given by the 
Euclidean metric and are thus random. The other random TSP, which has been of interest 
within the statistical physics community is the mean field TSP. Here the distances between 
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pairs of cities, i.e., d{ci,Cj) are taken as independent random variables with a given distribution 
F. Note that in this case, the geometric structure may break since the triangle inequality may 
not necessarily hold with probability one. In fact we can not quite say that the numbers d{ci,Cj) 
really represent distances under any metric. This although seems artificial, but such models are 
of interest in statistical physics literature. 

It is well known in algorithm literature [5] that TSP in general is a NP- Complete problem. 
So there are several approximate algorithms which tries to approximate the optimal tour with 
polynomial running time. Among them, one of the simplest is the Nearest Neighbor (NN) 
Algorithm [2], which is also known as the next best method [3]. It was one of the first algorithms 
used to determine an approximate solution to the traveling salesman problem. The algorithm 
starts with a tour containing a randomly chosen city and then always adds the nearest not yet 
visited city to the last city in the tour. The algorithm terminates when every city has been 
added to the tour. In the NN algorithm, a tour is constructed as follows: 

Step-0: Input graph G with a linear ordering of its vertices say 

V := {ci,C2,... ,c„}. 

Let Tour {ci} and c^(^i) = c\ . 

Step-1: Write Tour {07^(1), 07^(2)5 ••• j } • Choose c^(i_|_i) to be the city 
Cj that minimizes 

{d(c^(j),Cj) : j 7^ 7r(A:), 1 < A; < i}. 

Update Tour as 

Tour ^ Tour U {c^(j+i)} . 
Step-2: Go to Step-1 unless V\Tour = ^. 

Step-3: Stop with output Tour as the NN tour with starting city c\. 

For the convenience, when there are ties in Step-1, we assume that they can be broken 
arbitrarily. The NN algorithm can be improved by repeating the algorithm for each possible 
starting city and then take the minimum solution among them [3]. It is known that, for TSP 
on n cities, the running time for NN algorithm is O(n^) [4, 6]. 

Consider the mean field TSP on a set of n cities {ci, C2, . . . , c„}. Denote the distance d{ci,Cj) 
by Lij. Since the NN algorithm is to move to the nearest non- visited city, therefore starting 
from ci, by using this algorithm we need to find the nearest city to it. We call it V2- In this 
way, we need to find 

min{Li2,Li3,...,Li.„} 
Then from city V2 we find the nearest city to that and call it ^3. Here we need to find 

min {Lv^u\u £ {2,3, ... ,n} and u V2} . 

We continue the algorithm till all n cities have been visited. Then from there we go back to 
first visited city which is ci. 

Define T^^ to be the length of NN tour among n cities in the TSP, then 

n 

T^^ =J2Lv,v.+ i^ VI = 1 = (1.2) 
i=l 

The performance of nearest neighbor algorithm has been studied for the Euclidean TSP to 
compare the length of NN tour with the optimal one. Let T,?^* be the length of the optimal tour 
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and [x] denote the smallest integer greater than or equal to x. Rosenkrantz, Stearns and Lewis 
[6] measured the closeness of a tour by the ratio of the obtained tour length, to the optimal 
tour length. They proved that for a Euclidean TSP with n cities, 

They also showed that for each m > 3, there exists a traveling salesman graph with n = 2"^ — 1 
nodes such that 

rpNN ^ 4 

> - lognfn + 1) + - . 

One of the famous mathematical results for the Euclidean TSP is Beardwood-Halton- 
Hammersley theorem which studies the large sample behavior of the length of shortest tour 
in TSP. Let the cities are independently and uniformly distributed on [0, 1]"^. Beardwood, Hal- 
ton and Hammersley [1] showed that there is a constant < Prspid) < oo such that with 
probability one 

rpOpt 

— > /3TSp{d) 

n d 

They also proved that for nonuniform random samples, there is an universal constant (ixspid) 
such that ^ 

^ hsp{d) [ a.s. 

n d jRd 

where f{x) is the density of the absolutely continuous part of the distribution of cities with a 
compact support. 

Asymptotic results in the mean field TSP is studied by Wastlund [7]. Let independent 
random variables Ljj's be from a fixed distribution on the nonnegative real numbers. Suppose 

as t — ^ 0+ 



P(iy < t) 



1 



t 

He proved that for large n, 

where /i as a function of x is implicitly defined through the equation 



1 + f ) e-^ + (l + ^) e-'^(^) = 1 

Although there seems to be no simple expression for this limit in terms of known mathematical 
constants, but it can be evaluated numerically to 2.041548. 



In this paper we study the limiting behavior of the total length of the tour, obtained by NN 
algorithm for the mean field TSP. Our motivation is similar to that of [6]. We would like to 
compare the apparent "loss" (that is, more distance to be traversed) accrued by using the NN 
algorithm with respect to the optimal solution. But because of (1.3), it is enough to consider 
the limiting behavior of . We show if F, the distribution of the distance between cities, has 
a density which is continuous at with F' (0+) > 0, then the total length of the NN tour for 
mean field TSP scales as logn. This parallels the conclusions drawn in [6] for Euclidean TSP. 
Moreover we also consider general distribution function F with non-negative support and show 
that the asymptotic behaviors for depend on the limiting properties of the density near 0. 
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2 Main results 



We will assume that the mean and the variance of F are finite and F has a density /. Our first 
theorem shows that T^^ is "close" to its expected value. 

f(f\ 

Theorem 2.1. Assume that as t — 0+, ^ — > C, where C G (0, oo) is constant and 
— 1 < a < 1. Then as n — > oo, 

{T^^ -E[T^^]}„>1 converges in £2 (2.1) 

The next three results consider three cases of the behavior of / near 0. Theorem 2.2 covers 
the case when / near zero converges to a constant. In this case, scales as constant times 

logn. Theorem 2.3 and Theorem 2.4 consider the cases when liuit^Q f{t) is zero and infinity 
respectively. We use the notation a„ ~ 6„ to denote a„ is asymptotically equal to 6„, that is, 
lim — ^ = 1. 



bn 



Theorem 2.2. Assume that as t — > 0+, f{t) — > /(O), where /(O) G (0,oo). Then as 
n — > 00, 



5^ P 1 



logn /(O) 



(2.2) 



and 



E[T„^^]~-^logn. (2.3) 



Moreover, convergence in (2.2) happens in L^- 

When distribution F is Exponential, then the expected value of the length of NN tour among 
n cities, scales as logn. This is a special case of Theorem 2.2, when /(O) = 1. The following 
corollary is a consequence of Theorem 2.2. 

Corollary 2.1. Let in mean field TSP, F he Exponential with mean one. Then T^^ - log n 
converges weakly and in C2. 

Theorem 2.3. Assume that as t — > 0+, — )■ C , where C > is constant and < a < 1. 
Then as n — > 00, 



n i+" 



C{a) (2.4) 



where 



and 



Cioi) := (— r(i + 



C ' a ' 1 + a' 
E[T^^] ~ C{a)n-^ (2.5) 



Moreover, convergence in (2.4) happens in £2- 

Theorem 2.4. Assume that as t — > 0+, — > C , where C > is constant and — 1 < a < 0, 
then the sequence {E[T,^^]}n>i, is a convergent sequence and T^^ converges weakly and in £2- 

Remark 2.1. Our results cover the cases where \a\ < 1. Note that the case a < —1 can not 
happen, since / is a density function. For a > 1 we did not get result in general but for the 
particular choice of F, namely when F is Weibull distribution with shape parameter (1 + a) 
and scale parameter 1, one can show by proper scaling, the weak limit distribution of T^^ is 
Normal. 
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The rest of the paper is structured as follows. In Section 3, we will discuss about the last 
edge of NN tour in the mean field TSP. Proofs of main results are in Section 4. Section 5 
provides some technical results which we use in the proof of main results. Section 6 includes 
the discussion about the assumptions on distribution F. 



3 The last edge of the NN tour 

Let the distances between cities be denoted by {(-^jj)j<j<n}i<j<„_i which are i.i.d with distri- 
bution F and density /. Let Ljf''* be the length of the last edge, which joins the last visited 
city to the first city. Then, the length of NN tour, , can be written as 

n-l 

T^^ ^ Y: min L,, + (3-1) 

Following proposition shows the last edge in NN tour, does not play an important role. 

Proposition 3.1. In the NN tour for mean field TSP, length of the last edge, namely L^^* 
is bounded in probability and in fact E [-Ljf'^*] — > IJ., where fi is the mean of F. Moreover, 
iJast _ jEj^^astj converges in £2- 

Since from equation (3.1) we get 

n— 1 n— 1 

therefore if 



i=l i=l 



{n-l n-l 
i=i 2=1 ; „>i 

converges in C2, then by Proposition 3.1, 

also converges in £2- 

Proof of Proposition 3.1. Let for /c = 2, 3, . . . , n — 1, := Lij^ and let X^^i.-^ be the k^^ 
order statistic of X2,X3,... Note that by assumption X^s are i.i.d. F. Notice that 

by construction the successive vertices 1 = vi,V2,v^, . . . ,Vn-, the tour has the property that 
for every 2 < k < n given {v2,V3, ■ ■ ■ ,Vk-i} the vertex Vk is uniformly distributed on the set 
{1, 2, . . . , ri}\{l, V2, V3, - ■ ■ , ffc_i}. Thus for every 3 < k < n given V2, the vertex v^ is uniformly 
distributed on the set {2, 3, . . . , n} \ {^2}. So in particular the last vertex of the tour f„ is also 
uniformly distributed on the set {2, 3, . . . , n} \ {v2}- Hence given X2, X3, . . . , Xn-i, the length 
of the last edge is uniformly on ^X(^2)i ^(3)1 ■ ■ ■ 5-^(n-i)}- 



^ n-l 
rlast d 1 \^ Y 

k=2 



k=l 

1 Y 

-^yxk-^. 

n-2^ n-2 
fe=i 
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n-1 



By SLLN, Xk converges a.s. to u. Also converges a.s. to zero, thus 

n — 2 ^-^ 



k=l 



Further it also shows that E [-L^***] 
in C2, observe that 



E 



Var 



L^-* = Op(l). 

/X as < E[X(i)] < /i. To show Ljf^* -E[L^"^*] converges 



^(1) 



n-2 

k=l / 



n-l 



^ ' k=l 



(„_iy2 ^Var(X(i): 



Var(X(i)) 2 



n-l 



(n - 2)2 (n - 2)2 



Cov(^Xfc,X(i) 



fc=i 



n-l 



2 J^Cov(Xfc,X, 



k=l 



(n-2)2 (n-2)2 



(n-2)2 



Now since < E[X2^)] < /u2 + ct2 where cr2 is the variance of F and < E[X(2)] < /-t, therefore 
for large n we get 

Var(X(i)) ^ ^ 



(n - 2)2 



n-l 



n-l 



fe=l 



fc=l 



Also J^Cov(Xfe,X(i)) = (E[XfcX(i)] -E[X,.]E[X(i)]). But 

n-l 

5^E[X,X(i)] < (n-l)(^2^a2). 



fe=i 



Therefore as n — > 00, 



E 



□ 



4 Proofs of the main results 

For 1 < i < n — 1, define 



W^^:=F-l(^l-exp(-^)) (4.1) 
where {^}^<j<„_^ are i.i.d. Exponential with mean one. Lemma 5.2 in Section 5, shows that 



n-l 



n-l 



1=1 i=l 

Therefore equation (3.1) can be rewritten as follows: 

n-l 



last 



i=l 



In our proofs, mostly we study the properties of Wi instead of min Ljj. Observe that: 

i<j<n 

P{W^ <w) = l-{l- F{w)y for w>0. 



(4.2) 



(4.3) 



(4.4) 
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4.1 Proof of Theorem 2.1 

To show {T^^ — K[T^^]}n>i converges in C2, by Proposition 3.1 and equation (4.3), it is 

n-l 

enough to show {^^(VFj — E[Wi])}„>i converges in £2- 



1=1 



Recall as t — > 0+, by assumption — > C, therefore given e > 0, there exists 5 > 0, such 
that for all < t < 5, we have 



Hence for < x < S, 
which implies 



{C-e)e<f{t)<{C + ey 



1 + a 



1 + a 



(— )l+<^3;l+" <F (x) < (— 



(4.5) 



Put b\ := — ln(l — S). Hence < b\ (that ensures 1 — exp(— ^^) < 5), then we get 



1 



, 1 + a, ^ 
< ( ) 



Y- \~ 
l-exp(- — )| 1 



(4.6) 



Observe that for /3 > 0, 



E 



1 - exp(- — ) 



/ (1 - exp(-y/i))'^exp(-?/)dy 
Jo 

i [ u'^{l-uy-^du 
Jo 

r{i + i) 



= r(i + /3) 
<r(2 + /3) 



r(i + i + /3) 
1 

JiTTTW 



The last inequality follows from the Wendel's double inequality [8], which says for real x > 
and < s < 1 we have 

(4.7) 



———Tix) < r{x + s)< x'Tix) 

\X ~r S J 



Therefore 



E 



< 



.1 + a 2 



'C-e 



)T+^r 2 + 



1 + a 



i + 1 + 



2 \ i+a 



1+a 



(4.8) 



Now as i — > 00, — 0. Define 



/o(w) := mm <! i \ < 5^, Vj > i [> . 



Fix m > 1, then 



[Jo = m] 



— < 5i,Vi > m and ^ > 61 

I m — 1 



(4.9) 
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Hence 

P(/o = m)< e-('"-^)''i 

Now, 

oo oo m—1 oo oo 

j=l m=l i=l m=l j=m 

But, 

m— 1 m— 2 



l(/o = m)] =E[YW,' l(/o = + E[H^^_il(/o = m)] 
1=1 



i=l i=l 

m-2 



(4.10) 



Now, 



and 



m-2 



i=l 



/>oo 

= 2 / u;P(W^_i > w)dw 

noo 



/■oo 

2g-(m-i)5i / i(;P(Tyrn-i > > - e"^i))du; 

iF-i(l-e-*i) 

2g-(m-i)5i /■ rffw^.i >'u;-F~i(l-e-^i)) 

JF-i{l-e-*i) ^ ^ 
/>oo 

JO 

/■oo 

Jo 



Third equality is because of the memoryless property of the Exponential distribution. Using 
Lemma 6.1 and equation (4.11), we get 



oo m—1 



j;E[j;W/,2l(/o = m)]<oo (4.12) 

m=l i=l 

Now by assumption since \a\ < 1, we have > 1, therefore for i > m by (4.8) we get 

oo 

E[^ l(/o = m)] < Ke-^"^-^^^^ (4.13) 
where K is constant. Hence from equations (4.12) and (4.13) we conclude 



< oo 



(4.14) 



1=1 



n n—1 

Therefore Var[^^ Wi] is bounded for all n. This shows ^^(Wj— E[T4^j]) as a Martingale converges 

i=l 1=1 

a.s. and in £2- Hence by Proposition 3.1 and equation (4.3), we conclude that T^^ — 'K^T^^] 
converges in £2- n 

4.2 Proof of Theorem 2.2 

We will show 



T^N ^ -1 



logn /(O) 
which will imply equation (2.2). Note that we have, 

2 



as n 



00 . 



rrpNN 



E 



1 



logn /(O) 



E 



E 



1 



log n 
E\T 



logn /(O) 



log n 



+ 



E[T^ 



NNl 



1 



-I 2 



logn /(O) 



(4.15) 



But, by Theorem 2.1(£2 convergence of TJ^^ — E[T^^]), first term in (4.15) converges to zero 
as n — > 00. Convergence to zero of the second term in (4.15) follows from the following 
observation. By assumption as i — > 00, 



f{0)Wi 



i 



1 a.s. 



where 5^'s are i.i.d. Exponential with mean one and Wi = P-^ (^1 — exp( — r) I • Therefore as 
n — > 00 

n-l 



i=l 



n~l 

E 

4=1 



1 a.s. 



Yi 



Now, since Var 



n-l 

.i=l 
n-l 



< 00 for all n, therefore by Martingale convergence theorem almost 



surely > ^ — E 



i=l 



i=l 



converges. But E 



n-l • 



i=l 



E— ~ log n, thus 
1 



1=1 



n-l 



/(o)E^^ 



i=l 

log n 



1 a.s. 



(4.16) 
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n—1 n—1 



As we saw in the proof of Theorem 2.1, Wi — Wi] converges a.s. to a random variable. 



i=l i=l 

This observation along with (4.16) give 



n-l 



lim = (4.17) 

n — !>oo logn /(O) 



and therefore by equation (4.3) and Proposition 3.1, 

E[r^^] 1 



lim 



n — >oo logn /(O) 

This also proved E[T^^] ~ j^gylogn. □ 
4.3 Proof of Corollary 2.1 

Consider a mean field TSP on n cities {1,2, ■■■,n}, where for each 1 < i < n — 1, the intercity 
distances {Lij}^^^^^^, are i.i.d. Exponential with mean one. Starting at city 1, our job is to find 
the nearest city to it, that means to find 

min 

i<j<n ■' 

Now we have a tour, with 2 cities in it. Finding the next nearest city to last visited city in 
this tour, in distribution is the same as finding the minimum of n — 3 independent Exponential 
random variables. Keep visiting nearest unvisited city to the last visited city in tour. Since 
min Lij has Exponential distribution with mean then we get 

i<j<n * 

n-l 

E[V min Lij] = + + ... + - + 1 (4.18) 

^i<j<n ■^ n-ln-2 2 

i=l 

n—1 n—1 ^ /n—1 n—1 \ 

Since Var[> min LjA = > -tt, therefore for all n > l,Var > min L,-, — E[> min L,-,! 

i=l i=l \i=l i=l / 

is bounded. Hence by Martingale convergence theorem, we conclude that the Martingale se- 
quence 

{n-l n-l 
y min Lij — E[\ min Lij] > converges a.s. (4.19) 

i=l i=l J n>l 

n—1 n—1 



Note that as we saw in (4.18), E[y^ min Lij] = —. Using the fact that, 

— ^ i<j<n ^ — ' i 
i=l i=l 

" 1 1 

V - =logn + 7 + 0(-) 



I n 
1=1 



n-l 



where 7 := lim ( T^-; — log n | is the Euler constant, shows that < E mm Lij] — log n > 

\k=l / I 1=1 ) n>l 

is a convergent sequence. Now since 

n—1 n—1 n—1 n—1 



y min Lij — logn = > min Lij — E[ > min Lij] + E[ > min Lij] — log 

i=l i=l i=l 1=1 



n 
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thus from (4.19) and equation (3.1) we get [T^^ — logn)^^-|^ converges weakly as well as in £2- 

□ 

4.4 Proof of Theorem 2.3 

Recall the inequality (4.5) in the proof of Theorem 2.1. Therefore by the assumption of the 
theorem and (4.5), as i — > 00, 



. 1+0 



1 a.s. 



l + a 



where l^'s are i.i.d. Exponential with mean one and Wi = F'^ (^1 — exp( — r) I • Therefore 

n-l 



as 



n — > 00 



i=l 



n-l 



1 a.s. 



i=l 



Y,, 



Since < a < 1 so > 1, thus Var ( ^^(^)^+" 1 < 00 for all n, therefore by Martingale 



n-l 



1=1 



\i=l 

i 



■"-1 Y 1 

.i=l 



convergence theorem almost surely ^^{—r)^+°' — IE 

1 + a ^-^ I 



converges. But 



■"-1 V. 1 



n-l 



i=l 



Thus 



n-l 



where 



Now 



1 1 
C{a)n i+" 

, 1 + a , ^_ l + a 



1 a.s. 



(4.20) 



C 



n-l 



n-l 



a 

n-l 



r(i + 



1 



l + a' 

n-l 



i=l 



^Wi- C{a)n^^^ ="^Wi- Wi] + Wi] - C{a)n^~^ 

i=l 1=1 i=l 1=1 

n-l n-l 

Recall that by Theorem 2.1, Wi — IE[^^ Wi] has a almost sure limit, so using (4.20) we get 

1=1 

n-l 

E[J2Wi] 



1=1 



lim J 



C{a) 



(4.21) 



and hence by equation (4.3) , 
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This along with the Theorem 2.1 shows 



E[ 



n 1+" 



E 



■T, 



■NN 



E[T, 



NN} 



+ 



NN} 



n 



converges to zero as n — y oo. Hence 



T 



NN 



n 



C{a) 



□ 



4.5 Proof of Theorem 2.4 

As it has mentioned in the proof of Theorem 2.1, since > 1, we get 



sup Var(^ Wi) < oo . 



n>l . -, 

— 1=1 



n—1 n— 1 



Therefore X] ^» ~ 

as a martingale converges a.s. and in £2- So by equation (4.3) 

i=l i=l 

and Proposition 3.1, — E[r^^] converges in £2- Now from Lemma 5.1 we get 



.NN}_ l\l-w)il-[l-wr-') 1 ,...,^nlast} 



E[T-^^] = I ^ ^-i ^7(^3T(^ dw + E[Lr]. (4.22) 







Now using equation (4.5) we get that there is a constant c which may depends on a such that 
for every n > 1, 

f'^ (1 - w)(l - \1 - w]""-^) 1 , /"^ 1 , , , 

/ V n [ \ L dw<c — ^ dw<^ 4.23 

where the last inequality follows since — 1 < a < 0. Thus using DCT we get that the first 
term in the right hand side of the equation (4.22) converges and hence from Proposition 3.1 we 
conclude that (E[r^^]) „>i also converges. Therefore (T^^) n>i converges in C2- n 

5 Technical result 

We first state a lemma which expands E[T^^] in terms of Uniform random variables, under 
certain assumption on F. This lemma shows that how behavior of T^^ depends on the density 
/ near zero. 

Lemma 5.1. Let {Lij)i^j<n for i = l,...,n — 1 be i.i.d F supported on [0,oo). Assume that 
Ve > 0, F ([0, e)) > 0. Let f be the density of F . Then 

/■i(l-^„)(l-[l-<-i) 1 , , , 



nTr\=i^ - — '-^ — ^-^^^3T(^d.+E[L: 
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Proof. Let F(t) = 1 — F{t). From the equation (3.1) We have 

n-l 

But, 



i<j<n 
i=l 



hence, 



E[ min Lij] = / [F(t)]"-Mt, 

i<j<n Jq 



Now by assumption, density / exists. Put w = F{t), then we have t = F ^{w),dw = f(t)dt. 
Replace F{t) by w inside integral to get the result. □ 

Our next lemma gives the derivation of the equation (4.2) 

Lemma 5.2. Let the distances between cities, {Lij)i^j<n for i = l,...,n he i.i.d F. Define 
Wi := F~^ ^1 - exp(-y )^ where {Y,} 

i<i<n-i '^'^^ i-i-d. Exponential with mean one. Then 



n—l n—1 



Emin Lij = Wi 
i<j<n ^ ^ 
i=l i=l 

Proof. Let {£,ij)i<j<n be i.i.d. Exponential with mean one. Then 

n— 1 n—l 

min Lij = min ^^-"^(1 — e"^*^ ) 

^—^ i<j<n *<i<'^ 
i=l i=l 

- min 

= ^F-\l-e ^<i^^ ) 

i=l 



A. 

i=l 



_2i 
e i 



where l^'s are i.i.d. Exponential with mean one. □ 

6 Discussion 

In our theorems, we assumed that the second moment of F exists. In general, suppose nonneg- 
ative and independent random variables Zi,Z2,... are from distribution F such that for some 
/3 > 0, E[zf] < oo. 



Lemma 6.1. Suppose random variable Z > and for some /3 > 0, E[Z^] < oo. Then for 

POD 

/ t {F {Z > t)}'' dt < OO 
Jo 



k>l 
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The proof of this lemma, fohows easily by using Markov's inequality. Now as before let 

+ 1. 



Wi = F ^ ^1 — exp( — r)^ where Y^'s are Exponential with mean one. Put k 
Assume that as t — > 0+, — > C, where C € (0, oo) is constant and — 1 < a < 1. Then as 



n — > CO, we have 



Therefore 



^E[W,2] <oo. 



i=k 



n-1 



5^Var(PFi) <oo, 

i=k 

and hence ^{Wi - E[Wi]) converges almost surly. Now since 

i=k 

n-1 

1=1 

hence by Proposition 3.1, r^^-E[r^^] converges weakly. Thus except those on £2 convergence 
all the results stated in Section 2 holds. 
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